Super-exponential warp factors of the form e −2f ∼ e −2c 1 e c 2 |w| have been proposed in the context of two-brane models to solve the gauge hierarchy problem of scales by using a compactification scale of the same order of the fundamental Planck scale, completely eliminating the hierarchy between the electroweak and the Planck scales. However, most of the so far studied families of braneworlds with super-exponential warp factors do not localize 4D gravity when one of the branes is sent to infinity. Recently a braneworld model generated by a canonical scalar field φ minimally coupled to 5D gravity with a bulk cosmological constant was shown to localize 4D gravity and to be stable under linear tensorial and scalar perturbations. Thus, within this model a super-exponential warp factor solves both the hierarchy problem in the two-brane system and the gravity localization one in the single brane configuration. Here we present an explicit new solution for the latter braneworld configuration and study the dynamics of its tensorial perturbations: we find that they obey a Schrödinger-like equation with a well potential which possesses exponentially increasing walls (we call it the cup potential), yielding a novel discrete spectrum for the massive Kaluza-Klein (KK) tensorial excitations, despite the non-compact nature of the fifth dimension, and in contrast to the braneworld models proposed so far, where the mass spectrum of the KK modes is continuous, or at most mixed. Namely, the junction conditions on the brane quantize the graviton masses. Finally, the corrections to Newton's law coming from these massive KK modes are analytically computed and estimated. Their novelty arises from the fact that these KK excitations possess quantized masses and are bound to the brane, however, they are all of the Planck mass order, leading to unreachable energy scales from the phenomenological viewpoint.
Introduction
The possible solution of several open problems in modern physics like the cosmological constant problem, the gauge hierarchy problem as well as the localization of 4D gravity based on braneworld models with non-compact extra dimensions has generated considerable interest during last years [1] - [6] . These models, where our Universe is embedded in a spacetime with extra dimensions, can be classified into thin and thick braneworld configurations. In the former family our Universe is localized in a delta distribution function along the extra dimensions, while in the latter class the branes correspond to smooth bulk configurations in which our world is embedded (for recent reviews see, for instance, [7] and references therein). As a straightforward generalization of the original thin braneworlds, there have appeared several models generated with the aid of bulk scalar fields. Different kinds of scalar field configurations coupled to gravity in distinct ways, yield different physical scenarios as it can be seen in e.g. [8] - [22] .
Quite recently a particularly interesting braneworld model generated by a tachyon scalar field minimally coupled to gravity with a super-exponential warp factor e −2f (w) = e −2c 1 e c 2 |w| was successfully used in order to address the gauge hierarchy problem without any fine tuning at all. As a result, scales of the order of the Planck mass are related to the electroweak scale by means of parameters of the same order [19] . However, within these braneworld models the 4D gravity localization condition is never fulfilled unless the tachyonic scalar field is complex [22] . In general, when the scalar field that generates the braneworld model is a tachyon, attempts to solve the highly non-linear Einstein and field equations give rise to imaginary tachyon field configurations [19] - [20] , except for special cases [21] . Notwithstanding, instead of a tachyon braneworld one can use a canonical scalar field coupled to gravity in order to localize 4D gravity with a super-exponential warp factor [22] .
Here we shall continue to study such a canonical scalar field braneworld model in the presence of a bulk cosmological constant with a super-exponential warp factor with the aim of analyzing the dynamics of the Kaluza-Klein (KK) metric fluctuations. As expected, these perturbations obey a Schrödinger-like equation with the peculiarity that the analog quantum mechanical potential now has a cup form which renders a novel discrete spectrum of massive metric KK excitations despite the non-compact character of the extra dimension. These massive KK modes yield small violations of unitarity which, in turn, give rise to small corrections to Newton's law. In spite of the mathematical difficulties of this problem, we were able to analytically estimate these corrections. It turns out that these corrections are novel in the sense that they come from a KK graviton spectrum with quantized masses which are bound to the brane, notwithstanding these massive modes are of the Planck mass scale, rendering a hopeless picture from the phenomenological point of view.
The paper is organized as follows: we present the model in Sec. 2 and find a new exact solution to the braneworld field configuration in Sec. 3. We further show that the gauge hierarchy problem can be geometrically reformulatedà la Randall-Sundrum in Sec. 4. We continue analyzing the dynamics of linear tensorial perturbations when 4D gravity is localized on the brane in Sec. 5, here we also show that the model is stable under these fluctuations and that a discrete spectrum of KK massive modes arises when imposing the junction conditions on the brane. The corresponding corrections to Newton's law are computed and analyzed in Sec. 6 and we summarize our results in Sec. 7.
A braneworld created by a scalar coupled to gravity
We now consider the action for a canonical scalar field φ minimally coupled to gravity with a 5D cosmological constant Λ 5 and also introduce a single 3-brane since we are interested in studying the localization of 4D gravity and the physical implications the extra dimensional world has on our Universe:
where the 5D gravitational coupling constant is given by 2M 3 * = 1/8πG 5 , λ labels the brane tension,g is the induced metric on the brane and w 0 is the position of the brane along the fifth dimension. The indices take the values M, N = 0, 1, 2, 3, 5.
The Einstein equations with a bulk cosmological constant and the 3-brane source are
while the Klein-Gordon equation is
The background metric is specified by the ansatz of a warped 5D line element with an induced flat 3-brane that reads
The function f (w) is the warp function, while µ, ν label the 4D flat spacetime coordinates x µ and we are using the (−, +, +, +, +) signature. The energy-momentum tensor in the bulk is given by
One can show that the non-diagonal components of the Einstein tensor vanish for the metric ansatz (4). Consistency of Einstein equations demands that the non-diagonal components of the overall stress energy tensor should also vanish identically. This fact yields two possibilities: a) the field φ should depend only on time as in the case of a scalar field in a homogeneous and isotropic background as in cosmology; b) the field φ depends only on the coordinate corresponding to the extra dimension, which is the case we shall consider here. The energy-momentum tensor on the brane can be expressed as follows
The Einstein's equations (2) are reduced to a dynamical equation
and one constraint equation
while the Klein-Gordon equation (3) can be written as
where denotes derivatives with respect to the extra dimension w. After some algebra from (7) and (8) we get the following expressions
These expressions will be very useful when solving the Einstein's equations as well as for studying the structure of the self-interaction potential V (φ).
A solution with a super-exponential warp factor
Recently, it has been proposed in [19] a tachyonic braneworld model with a super-exponential warp factor, e −2f = e −2c 1 e c 2 |w| , in order to completely solve the hierarchy problem without further fine tuning, i.e. by setting the fundamental 5D parameters of the model, namely the compactification and Planck scales, to the same order. However, previous attempts to solve the highly non-linear field equations gave rise to imaginary tachyon field configurations which localize 4D gravity, or to real field configurations that do not localize it in the single brane configuration [19] - [21] . Spinor fields were also shown to localize on similar tachyonic braneworlds [23] . Afterwards, in [22] it was shown that 4D gravity can be localized if we make use of a canonical scalar field instead of a tachyonic one. Here we shall briefly recall how this result comes about and find a new solution within this framework.
Let us begin with a warp function f (w) of the form
both the finiteness of the effective 4D Planck mass and gravity localization conditions,
require the constants c 1 and c 2 to be positive [22] . In order to get the 4D effective Planck scale within our model, we replace the Minkowski metric η µν by a 4D metric g µν in (4), a fact which allows us to get an effective 4D EinsteinHilbert action after integrating over the fifth coordinate w in (1). We further look at the curvature term from which the scale of gravitational interactions can be derived
where now R is the 4D Ricci scalar constructed from g µν . The effective Planck mass can be easily calculated upon integration with respect to the extra dimension:
where the last equality is valid for c 1 > 0, Γ (a, x) is the upper incomplete gamma function and Ei denotes the exponential integral. Thus, this quantity is positive and finite for any positive constants c 1 and c 2 of our solution, just as required by the gravity localization condition. Therefore, the 4D general relativistic couplings (and those of Newtonian gravity, in particular) are correctly recovered if M * ∼ c 2 ∼ M pl and c 1 is allowed to vary as 10 −2 < c 1 < 1. Thus, f should be a monotonically increasing positive function such that, in the bulk (16) we see that f is also a positive definite function. In general, because of the presence of derivatives of |r| with respect to r in the warp factor, we have f = c 2 2 f + 2 c 2 f δ(w − w 0 ), and the presence of the δ(w) function compensates the introduction of the 3-brane in the matter sector of the model (1) .
Therefore, instead of Eqs. (10) and (11) we now get
Let us now proceed to find a real solution for the scalar field with the super-exponential warp factor (12) . Denoting byḞ a derivative with respect to the absolute value |w| we obtain
note that F 2 =Ḟ 2 . The equation for the field φ (9) is then
From equations (17)- (18) and (20) we see that the brane potential or tension is positive λ| w 0 = 24M
Thus, we obtain for the bulk the following equations
with the following solution to Eq. (21): It is straightforward to check that the super-exponential warp factor (12) and the scalar field (23) identically satisfy the field equations (7)- (9) in the bulk.
The profile of the self-interaction potential V (w) can be obtained by means of (12) and (22) . This is presented in Fig. 1 . This potential is unbounded from bellow and seems to be pathological. However, this kind of potentials is very common and they are stable in AdS supergravity with one scalar field as it was shown on the basis of the positive energy theorem in [24] (see references therein as well). The stability of the scalar-tensor braneworld system under consideration was analyzed in detailed in [25] for AdS 5 backgrounds with a self-interaction potential very similar to (22) .
Solution to the gauge hierarchy problem
Let us approach the gauge hierarchy problem within the framework of the braneworld model under consideration. We now need two branes: the so-called TeV brane, where the SM particles are trapped, located some distance away in the w-direction from the Planck brane, where 4D gravity is localized. Thus, an extra brane is needed so that the second integral in the action (1) should be replaced by one of the form
whereg i and λ i respectively are the induced 4D metric and the brane tension corresponding to the i-th brane located at w i . When the TeV probe brane is located at the position w 0 along the extra dimension, the SM particles feel the effective 4D metric:
Thus, the physical mass scales are set by the symmetry-breaking scale [6] m = e −c 1 e c 2 |w 0 | m 0 .
Therefore, in order to produce TeV physical mass scales from fundamental Planck mass parameters, the following relation must hold
a condition which yields, for instance, c 1 = 1 and c 2 w 0 ≈ 3.6 (or c 1 = 2 and c 2 w 0 ≈ 2.9, or, respectively, c 1 = 3 and c 2 w 0 ≈ 2.5), leading to a setup in which there is no hierarchy at all between the parameters of the model: c 1 ∼ c 2 ∼ w 0 ∼ 1. In view of this fact, it is worth mentioning that within the model with two branes, it is possible to completely ignore the numerical parameter c 1 since it can be set to unity c 1 = 1. It is worth mentioning that the tension on the TeV brane of the super-exponential twobrane model is different from the tension on the Planck brane, both in magnitude as well as in sign, due to the modified character of the warp factor compared to the Randall-Sundrum setup. However, as well as in this latter model, both tension branes must be fine-tuned in order to set effective 4D cosmological constant to zero. Both of these results were explicitly shown in [19] .
We should address as well the stability problem of the brane separation w 0 between the two 3-branes. As in the Randall-Sundrum model, the introduction of the TeV brane some distance away from the Planck (gravitational) brane, in order to obtain the desired warping from the Planck scale to the TeV energy scale and hence the needed hierarchy, gives rise to a fine-tuning on the brane position w 0 . Therefore, we need to stabilize this brane separation. This aim can be achieved by means of the so-called Goldberger-Wise mechanism by associating to the brane separation a scalar field, with specific interaction terms on each brane, that models the size of the fifth dimension. This study was performed first neglecting the back-reaction of the TeV brane in [26] and it was further generalized to the case with back-reaction in [9] . In the latter case it was shown that the brane separation w 0 remains stable when modeled by a scalar field with quartic self-interaction potentials.
Tensor perturbations and discrete graviton spectrum
In this Section we shall briefly review the localization of 4D gravity in our braneworld field configuration following the work presented in [10] , where the stability of metric fluctuations of higher-dimensional backgrounds with non-compact extra dimensions was accomplished and the master equations for the coupled system of metric and scalar perturbations were also derived in a gauge-invariant form.
Let us start with the following perturbed ansatz in order to analyze the dynamics of the metric fluctuations
where h µν (x µ , w) are gauge-invariant metric perturbations when restricting to the transverse and traceless sector ∂ µ h µν = h µ µ = 0. By making further use of the separation of variables h µν = C µν e 3f /2 e ipx ρ(w), where C µν are arbitrary constants, the dynamical equation along the extra dimension adopts a Schrödinger-like form
where m is the mass that a 4D observer measures, whereas the analog quantum mechanical potential reads
The quantity J = − s s is called superpotential within the context of supersymmetric quantum mechanics since it allows us to write the Schrödinger equation (29) in the following form
where the operators Q † and Q are defined as
The hermiticity and positive definite character of the left hand side of (31) guarantee a positive spectrum of metric fluctuations, evidencing the lack of tachyonic modes with m 2 < 0 and ensuring the stability of the system under the tensorial sector of perturbations.
It is remarkable that the massless zero mode of the Schrödinger-like equation (29) yields ρ = s = e −3f /2 and the normalization condition (13) is fulfilled. This integral converges for positive c 1 and c 2 , guaranteeing the existence of a normalizable massless zero mode which is interpreted as the 4D graviton localized on the brane.
It is worth noticing that in [10] it was also shown that the scalar-tensor coupled system (1) that defines our braneworld is stable under linear scalar fluctuations and free of tachyonic modes with m 2 < 0 thanks to the fact that the corresponding Schrödinger equations can also be written in the form (31) for the scalar sector of perturbations (see as well [11] , [24] and [27] for an exhaustive study of scalar fluctuations in AdS 5 spacetimes).
Moreover, in [22] it was shown that the involved quantum mechanical potentials are positive barriers distributed along the fifth dimension and no massless nor massive scalar modes are localized on the brane generated by a super-exponential warp factor. Let us return to the analog quantum mechanical potential (30) , which in terms of the coordinate w reads
and resembles a cup potential as it can be appreciated from Fig. 2 . From the form of the potential we see that the spectrum of massive KK excitations will be discrete since its walls are infinite and that the massless zero mode will be a bound state localized on the brane, a fact guaranteed by the existence of the negative delta function at the 3-brane position.
The general solution to Eq. (29) is given by
where α ≡ i m c 2 and k 1 , k 2 are integration constants. U (a, b, x) is the confluent hypergeometric function and L a n (x) denote generalized Laguerre polynomials. However, it can be shown that the latter are singular for any value of the mass parameter m and therefore we shall set k 2 = 0. Hence, we shall consider the term containing the confluent hypergeometric function as the solution to the Schrödinger equation (29) .
The junctions conditions are obtained by integrating (29) with the potential (33) over a small domain around the brane, a procedure which yields
and taking the limit → 0 from the left and right sides (denoted by the − and + subindices, respectively):
We further compute the derivatives of (34) from the left and right sides (with k 2 = 0) and substitute them into (36) to get
By making use of eq. (13.4.18) of [28] (
we get the following result
This product quantizes the 4D masses of the graviton spectrum of KK excitations of our braneworld model in Planck mass units since c 2 is of that order if we want to obtain the correct gravitational couplings of the massless zero mode that parameterizes the 4D graviton. In fact, the first factor yields the massless zero mode, while the zeroes of the confluent hypergeometric function define the discrete massive bound states of the system. In Fig. 3 we show the behaviour of the first massive modes with respect to c 1 . From this figure we see that for all the range of c 1 the mass gap is of Planck mass order since the lightest KK massive mode bounded to the 3-brane will be excited at this energy scale. The reader should note that this behaviour is not surprising due to the nature of our spectrum: If the spectrum is discrete, the KK masses are generically determined by the coupling constants of the fundamental theory. Thus, when we demand no hierarchies among the coupling constants, the values of the KK masses are always close to the Planck scale.
In the next section we compute the corresponding corrections to the Newton's law in the weak field limit. This eigenvalue problem is interesting enough in its own right since it renders a discrete spectrum of masses (as in the KK setup) even when the extra dimension is noncompact.
Weak field limit and corrections to Newton's law
Let us consider the gravitational potential between two test bodies, with masses M 1 and M 2 , bound to the brane and separated by a distance r in the weak field limit. It turns out that all the discrete massive gravitons give rise to small corrections to Newton's law in ordinary 4D flat spacetime. These corrections can be expressed as an infinite sum due to the discrete character of the spectrum [29] :
where the position of the brane, which represents our physical universe, was set to w 0 = 0 for simplicity, G 4 denotes the four dimensional gravitational coupling, and ρ j are independent eigenfunctions corresponding to the spectrum of normalizable massive excitations m j under the sum. From (34) it follows that the eigenfunctions on the brane read
where k j stand for the normalization constants corresponding to each bound state with mass m j . Thus, we first need to compute the normalization constants k j from the following expression
where we have introduced the new variable z = 3f = 3c 1 e c 2 |w| . After performing this integral numerically, we can easily compute the normalization constants k j for each m j . Therefore, the final expression for the corrections to Newton's law ∆G 4 reads Here we should estimate the contribution of the first KK excitations since the prefactor e −m j r make them decay very fast. In fact, since the masses m j are of the Planck scale order, even the second bound state contributes much less than the first state, the third bound state contributes much less than the second one, and so on. However, we should also take into account the prefactor ρ j (0) 2 in order to make a complete analysis. In Fig. 4 we present the profile of ρ j (0) 2 vs the c 1 constant for the first three KK massive excitations. From these graphs we observe that, for the considered range of the constant c 1 , the contribution of the prefactor ρ j (0) 2 to the summation in (43) is of the same order, so that the summation as a whole is dominated by the exponential prefactor. Thus, even if we consider the first three eigenmasses for simplicity, the summation will be strongly dominated by the first excited eigenstate, which leads to highly suppressed corrections, unreachable to present day experiments but possibly observable in cosmological probes as we discuss in the following section.
Summary of results and discussion
In this paper we have upheld the idea that super-exponential warp factors provide the possibility of addressing the hierarchy problem in braneworld models with fundamental parameters of the same order, resolving the gauge hierarchy without any fine-tuning. A similar result was obtained for the first time in [19] on the basis of a tachyonic scalar field braneworld model. However, this kind of warp factors usually does not lead to localization of 4D gravity when making use of tachyonic scalar fields in order to model the extra dimension [22] .
Here we have studied a thin super-exponential braneworld model with a canonical scalar field minimally coupled to gravity in the presence of a 5D cosmological constant as the main ingredients. It turns out that despite the technical difficulties of working with super-exponential warp factors, it is possible to analytically solve the involved field equations. Thus, we have found a new scalar field configuration for which both the 4D gravity localization and the gauge hierarchy problems can be tackled with the same kind of warp factors, contrary to previous results where the scalar field usually turns out to be complex when attempting to localize 4D gravity in the 3-brane (see, for instance, [19] - [22] ).
The obtained exact field configuration is stable and allows us to study the dynamics of tensorial fluctuations of the metric. These perturbations obey a Schrödinger-like equation with an analog quantum mechanical potential that resembles a cup potential with exponentially increasing walls and renders a novel discrete spectrum of massive KK modes in contrast to previous results reported in the literature (to the best of our knowledge). By analytically approaching the corresponding eigenvalue problem, we exactly solved the Schrödinger-like equation in terms of confluent hypergeometric functions with complex parameters. In fact, the junction condition on the brane (defined by the zeroes of a confluent hypergeometric function) quantizes the graviton mass spectrum. The scale separation determined by the mass gap in this spectrum is of the order of the Planck mass, yielding energy scales far bigger than the TeV scale which will not be reached in near future experiments.
The corresponding corrections to Newton's law coming from the extra dimensional massive spectrum of KK metric excitations were estimated as well. These corrections are extremely small since they exponentially decay due to the presence of the above mentioned mass gap, which is of the order of the Planck energy scale. Consequently, a 4D observer living in the TeV 3-brane will not be able to detect those KK excitation modes nowadays.
While weak field effects are unobservable, it is evident that the effects of the studied braneworld will be most prominent in high energy environments. This motivates the study of cosmological spacetimes where the corrections to the gravitational interaction affect significantly the inflationary universe. This will yield observable effects from the early stages of evolution of the universe like the evaporation of primordial black holes [30] , and most impor-tantily the modifications to the spectrum of primordial gravitational waves [31, 32] .
We finally would like to stress that the eigenvalue problem that arose when studying the dynamics of the tensorial sector of metric perturbations is quite interesting by itself thanks to the discrete nature of the massive spectrum that it yields even when the extra dimension is non-compact. Recall that in the original KK setup the higher dimensions are compact.
